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We show how quantum dynamics can be captured in the 
state of a quantum system, in such a way that the system 
can be used to stochastically perform, at a later time, the 
stored transformation perfectly on some other quantum sys- 
tem. Thus programmable quantum gates for quantum infor- 
mation processing are feasible if some probability of failure 
— that we show to decrease exponentially with the size of the 
storing resources — is allowed. 

PACS Nos. 03.67.-a, Q3.65.Bz 



Quantum Information Science investigates the poten- 
tial of Quantum Mechanics to process and transmit infor- 
mation in novel ways. Quantum systems are usually con- 
ceived as containers for data, which is processed by means 
of a unitary evolution. In this Letter we will explore to 
which extend Quantum Mechanics allow for the process- 
ing itself — i.e. instead of the data — to be stored in a 
quantum system. In particular, we will present a scheme 
to encode unitary transformations in, and to stochasti- 
cally retrieve them from, quantum states. The practical 
importance of this result relies on the fact that, once the 
operation has been captured in a quantum state, it can be 
processed by means of any standard state manipulation 
technique. And thus, for instance, the operation can be 
simply kept for later use, but it can also be transmited 
to a remote party (e.g., using teleportation) or can by 
estimated by means of a proper measurement. 

The storage of operations is, as explained below, neces- 
sarily imperfect. Our scheme will fail with a probability 
e that exponentially decreases with the number of qubits 
in which the operation has been encoded. More specif- 
ically, we will show how to store, using N qubits and 
with probability e = of failure in its later retrieval, 
an arbitrary rotation of a qubit around the z axis. For 
A'^ = 1 we will prove that our scheme is optimal, i.e., it 
has the minimal error probability ever possible, whereas 
for iV > 1 several evidence in the same direction will be 
presented. 

Let us start by considering two quantum systems, 
that we will call program and data registers, with cor- 
responding Hilbert spaces TLp and T-Ld- A program state 
\U) € Tip will be said to store the transformation U , if 
some "fixed" protocol employing \U) is able to perform 
U on an arbitrary data state \d) e Tin- Here, a "fixed" 



protocol means that the manipulation of the joint state 



\d) (g> \U) 



(1) 



does not require knowing the operation U nor the data 
\d). A device able to transform state (|^) into 



U\d) (g) \TZd,u) 



(2) 



where {71(1,11) is just some residual state, is known as a 
programmable quantum gate |l[]. Thus, in a similar fash- 
ion as most "classical" computers take both program and 
data as input bit strings, a programmable or universal 
quantum gate is a device whose action U on an arbitrary 
data state \d) is completely determined by the program 
state \U). 

Nielsen and Chuang analyzed in Ref. the possibility 
of constructing one such gate. Its total dynamics are 
described in terms of a fixed unitary operator G, 



G[\d) (g, \U)] = (U\d)) <E) \TZu) 



(3) 



where the residual state \TZu) was showed to be inde- 
pendent of \d). Also the following important result was 
proved: any two inequivalent operations U and V require 
orthogonal program states, that is {U\V) — 0, if the same 
transformation G is to implement them according to Eq. 
(^ . This means that in order to perfectly store one oper- 
ation Ui, chosen from a finite set {Ui}i^i, a vector state 
\Ui) belonging to an orthonormal basis {\Ui) € Hp}i£i 
has to be used. In other words, different operations of 
the gate necessarily correspond to mutually distinguish- 
able programs. This has two direct implications. First, 
a classical binary string could have been used in the first 
place as a program (there is no gain in using quantum 
states for this purpose). The second consequence con- 
cerns the feasibility of such gates: even for the simplest 
data register, a qubit (i.e. 7i_D = C^), the set of unitary 
transformations, SU{2), is infinite. Therefore no univer- 
sal gate implementing an arbitrary (say) one-qubit oper- 
ation can be constructed using a program register whose 
Hilbert space Tip has finite dimension. 

Here we will assume, nevertheless, that only N qubits 
are available as a program register, and thus TLp = Q'^®'^ 
is finite dimensional. For simplicity, we will restrict our 
attention to one-qubit operations of the form 



exp(jay). 



(4) 
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for an arbitrary angle a € [0, 27r), which correspond to 
arbitrary rotations around the z axis of a spin 1/2 particle 
. We would then like to answer the question: To what 
extend can N qubits store an arbitrary operation J/q? 

The quality of the storage is determined by how well 
the operation can be retrieved, that is, by how well it 
can be finally performed on the unknown data state \d). 
One possibility would be to consider approximate trans- 
formations, with the output state of the gate being an ap- 
proximation to Ua\d). But this can already be achieved 
by classically encoding a truncated binary expansion of 
the angle a Alternatively, as we will next discuss, 
stochastic transformations may be considered. In this 
case the programmable gate does not always succeed at 
performing U after processing the program | U) , but when 
it does succeed, then the output state is exactly Ua\d). Of 
course, we also want to be able to know whether the gate 
achieved its goal or not. Reasonably, the a priori proba- 
bility of success is a good figure of merits for this kind of 
programmable gates. Since in principle such probability 
p"^ may depend both on the data \ d) and on the operation 
Ua under consideration, we will use its average 

(p)^l^j{d) 1^ pi (5) 

to quantify the performance of the gate. 

Let us suppose, first, that only one qubit, i.e. = 1, 
is available to encode any of the transformations Ua- In 
this case the equatorial state 

|„)^_L(eW2|o)+e-W2|i)) (6) 

can be used to store Ua, in the sense that a CNOT gate, 
|0)(0| I + |1)(1| (8) ax, — taking the data and program 
register as control and target qubits, respectively — will 
be able to transform the data state \d) according to Ua, 
with probability 1/2, for aU \d) and all Ua (see FIG. |^). 
Indeed, it is straightforward to check that 

Id) ® \a) ^-^^ -^(Ua\d) ® |0) + Ul\d) ® |1)), (7) 

and therefore a projective measurement in the {|0), |1)} 
basis of the program register will make the data qubit 
collapse either into the desired state Ua\d) or into the 
wrong state U^\d), with the announced probabilities. 

In order to see that no scheme exists better than the 
one above, let us consider the most general stochastic 
programmable gate using a single qubit as a program 
register. It can always be represented by a unitary trans- 
formation Gs given by 

Gs[\d) (g> \Ua) ® |0)] = ^a{Ua\d)) <8) |t^) 

+ ^J^-piixi), (8) 



taking the data and program states, together with a fixed 
state |0) of a third (ancillary) system TC a, into Ua\d) with 
probability Pa ■ Note that all kets appearing in Eq. (||) 
are normalized vectors. We demand that for all possible 
d,d',a,a', the state {r^lxt') & 'Hd vanishes. This is 
equivalent to requiring that by means of a measurement 
— onto the support 11,- C Hp(^Ha of the vectors |t^) and 
its complementary subspace 11^ — we are able to know 
whether the gate succeeded or not. 

Since Gg is a linear transformation, by decomposing \d) 
as a|0) -I- &|7f), where a, b are complex coefficients (|ap -I- 
\b\' = 1) and |0) ^ (|0) -t- |l))/V2^|7f) ^ z(|0) - |1))/V2, 
we obtain that the RHS of Eq. ^ must be equal to 

ai^aiUM ® |r°) + ^/l-pl\xl)], 
+b[^aiUo.\Tf)) ® \tI) + ^l-pl\xl)]- (9) 

This implies that the probability of success p^ and the 
vector |t^), from now on pa and \Ta), do not depend 
on the data \d). On the other hand, the most general 
codification scheme of Ua on a qubit, [0, 27r) C^, can be 
parameterized as \Ua) = ^(Q!)|0) + B(a)\Ti) , where A{a) 
and B{a) are complex functions {{Ua\Ua) — \A{a)\'^ + 
|B(a)|2 -f 2Re[yl(a)B*(a)(0|7r)] = 1) and the states |0) 
and Itt) correspond to the (not necessarily orthonormal) 
programs \ Uo) and jf/jr)- Expanding now \Ua) in Eq. (||) 
we find that its RHS must read 

A{a)[^Uo\d) ® |to) + -PolXo)] 
+B{a)[^UAd)®\T^) + ^/l^\xi)] (10) 

for any \d), which readily implies that the states \Ta){= 
\t) ) do not depend on a and that ^/p^Ua — A{a),Jpt)Ua + 
B{a)^/p^UTr. This last equation leads to A{a) — 
\/Pa/po cos(a/2) and B{a) = \/pa/PTT sin(Q!/2). If we 
now substitute these in state \Ua), from its normaliza- 
tion we obtain 

cos^f sin^f cosf sin^Re[(0|7r)], , , , 

Pa Prr y/PoP^ 

Recall that our goal is to maximize the average proba- 
bility of success (H). Without loss of generality we can 
require that po > Pa which corresponds to choosing 
Re[(0|7r)] = 0. It is now easy to compute (p), which reads 
y/PoPn ■ Substituting all the previous findings in Eq. (H), 
and computing the scalar product of Gs[|0) |0) ® |0)] 
and GsIItt) (g) |7r) (g) |0)] we obtain 

= ~Vp^+ V^-poV^-pAx°o\xI)- (12) 

That is, ^paP-n is at most -^1 — poVl ^ P^- The most 
favorable case corresponds to po = 1 ~ Ptt, and therefore 
the maximal {p) — y^poPw is 1/2, achieved when pa — 1/2 
is constant. This ends the proof that Eqs. ^ and @) 
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constitute the optimal protocol for storing and stochas- 
tically retrieving an operation Ua in a single qubit, with 
the associated error e = 1 — (p) being 1/2. 

We now move to consider the storage of Ua using more 
qubits, iV > 1. When the previous scheme fails, not only 
has the data \d) not yet been processed properly, but 
in addition it has been modified in an unwished manner 
(which is unknown to the user of the gate) into Ul\d). 
However, a single second go of the previous gate may 
correct UX\d) into Ua\d) at once. This is achieved by 
just inserting ?7^|d) in the gate of Eq. (^, together with 
a new program state, namely \2a) (see FIG. |^). That, 
is, the two-qubit program \a) ® |2a) stores Ua with a 
probability of failure e = 1/4 in the retrieval stage. 

In case of a new failure, the state of the system be- 
comes U}^\d). We can insert again this state, together 
with state |4a), into the elementary gate. If we keep 
on obtaining failures, we can try to correct the state as 
many times as wished, provided that the state \2^~^a) is 
available at the Zth attempt. Therefore, for any TV, the 
A''-qubit state 

N 

|C/^)^(g)|2'-ia) (13) 

1=1 

can be used to implement the transformation Ua with 
probability 1- (1/2)^ |]. The corresponding stochastic 
programmable gate (see FIG. ||), consists of the unitary 
transformation oi\d) ® \Ua) into 

^( Ua\d) ® |r) + C/r-'^V) ^ 1^)) (14) 

and of a posterior measurement of the program register 
(either in state |t) or |x) = |1)®^, (t|x) = 0). Its failure 
probability, e — (1/2)^, decreases exponentially with the 
size N of the program register. 

We are tempted to conjecture that, for any N , Eqs. 
(|l|)-(|l|) define again an optimal protocol to store and 
stochastically retrieve Ua- Notice, on the one hand, that 
the A^-qubit unknown state \Ua) has maximal entropy, 
since / da/(27r)|[/^)([/^| ^ (//2)®^, where / is the 
identity operator in . That is, this program state car- 
ries as much information as possible, with N bits of infor- 
mation about a being extractable from it for large N . 
On the other hand, we will now prove that our scheme is 
the optimal way of retrieving Ua from the program \ Ua) 
as given in Eq. dl3). 

Indeed, let Gyhe a unitary transformation producing 
Ua\d) from \d) ® \Ua), with probability pa (we already 
learned, from the single-qubit case, that the probability 
of success is independent of the data state \d)). From 
we can construct another gate G^, with constant proba- 
bility of success = {p)g'^^ where {p)g" = / da/ {2T:)pa 
is the average probability of success of , precisely the 
quantity to be maximized. The construction goes as fol- 
lows. Given a program state \Ua), we will randomly 



choose an angle €E [0, 27r) and will transform the pro- 
gram into \Uaj^aa)- This can be achieved by performing 
Uc„®Ul^®...®Ull'' on |C/f ). Then we wih run on 
\d) using the new program, to obtain Ua+ao M) with prob- 
ability Pq+qo • Finally, we will perform [/^^ on Ua+ao\d)- 
The overall effect is the promised gate G^, and therefore 
we only need to optimize over programmable gates with 
constant success probability p, 

\d) ® \US) <E> |0) ^ VpUcld) <E> \Ta) + V^lxi)- (15) 

Let us choose the data \d) to be an equatorial state \(3) of 
angle (3, so that Ua\f3) — \a + (3). Unitarity of the whole 
transformation G'^ implies, if /?' = tt + /3 + a — a', that 

{m{U^'\U^) = il-p){xC\x^) (16) 

(notice that {f3'\Ul,Ua\f3) = 0). The absolute value of 
the LHS of Eq. ( pj| ) is now at most 1 — p. But we can 
easily compute the above scalar products using Eq. (||), 
to get the bound (sin2^-i(a - a'))/2^ <l-p- Finally, 
taking a ~ a' ^ 7r(l/2)^ we get that p < 1 - (1/2)^, 
as we wanted to prove. Thus, once the operation Ua has 
been encoded in qubits as \Ua), the optimal extraction 
protocol necessarily fails with probability e = (1/2)^. 
However, whether our encoding is also optimal, remains 
as an open question for iV > 1. 

Notice that if we want to warrant a priori a success- 
ful implementation of Ua, infinitely many qubits are re- 
quired for the program register, as originally stated in [Q. 
Interestingly enough, the average length of the program 
required to perform Ua with certainty is, in contrast, very 
small. Indeed, since with probability pi = 1/2 the gate 
of Eq. (|^) achieves the goal after using a single-qubit 
program; with probability p2 = 1/4 a two-qubit program 
is sufficient; etc, the average length (N) of the required 
program is 

oo oo , ^ 

(iV)^^p^.7V=^^=2. (17) 

N=l N=l 

That is, on average, a two-qubit program is sufficient to 
store and retrieve with certainty any operation Ua- 

Let us finally comment on how the storage of opera- 
tions can be applied in the context of quantum remote 
control, as introduced by Huelga et al. in [^. Suppose 
two distant parties, Alice and Bob, try to process some 
data state \d) of, say, a qubit, according to some unitary 
operation U - Alice possesses a device able to perform 
U, whereas Bob has the qubit in state \d). Their goal 
is that Bob ends up with the processed state U\d). If 
the internal state of Alice's device cannot be teleported, 
then the optimal protocol Q is to use standard telepor- 
tation iQ to send the data from Bob to Alice, who will 
use the device to process it and will teleport it back to 
Bob. This scheme requires two-way classical communi- 
cation, and the coexistence in time and space of the data 
\d) and the device that performs U. 
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If, alternatively, Alice codifies the operation f/ in a 
quantum state using the scheme we have discussed, and 
then teleports the state to Bob, classical communication 
only from Alice to Bob is required to achieve quantum 
remote control. In addition Bob can receive the codi- 
fied operation even when the data state \d) is not yet 
available. The price to be paid, however, is that the 
scheme only succeeds with some probability. Taking into 
account that a general SU{2) operation decomposes into 
three rotations Ua |Q, each of these requiring, on aver- 
age, a two-qubit program, and that teleportation of an 
equatorial state uses 1 bit of communication and 1 ebit 
of entanglement , we conclude that on average 6 ebits 
of entanglement have to be consumed and Alice has to 
send 6 bits of communication to Bob in order to remotely 
perform a general U € SU{2). 

Summarizing, we have presented a scheme for storing 
any unitary operation in a finite number of qubits, in a 
way that it can be stochastically retrieved at a later time. 
It would be interesting to know which are the minimal 
resources needed, per operation, in order to store and 
retrieve a large amount of them with asymptotic perfec- 
tion. The results of Diir et al [ pO| represent a promising 
first step in this direction. 

We thank W. Diir for useful comments. This work 
was supported by the Austrian Science Foundation (SFB 
project 11), the Spanish newspaper "La Vanguardia" , the 
Institute for Quantum Information GmbH and the Eu- 
ropean Community (HPMF-CT-1999-00200 and EQUIP 
project IST-1999-11053). 
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FIG. 1. Optimal stochastic quantum programmable gate 
with a single-qubit program register. Data and program 
states Id) and \a) axe transformed, depending on the result of 
a measurement on the program register, either into Ua\d) or 
Ua\d), with error probability e — 1/2. 
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[2] Recall that any unitary transformation on a qubit can be 
obtained by composing three of such rotations and, for 
instance, two fixed it/2 rotations along the y axis, as in 
the Euler angles' construction. 

[3] Suppose that only A'^ = 4 qubits are available to store 
Ua, and that a/2-n — .0110101.... Then we can store the 
first four digits, 0110, classically. The gate will read them 
and perform Ua, where a/2n = 0.0110. The error in the 
fidelity of the resulting output tends to exponentially 
fast in N. 

[4] Given any stochastic programmable gate Gs with success 
probability pa for Ua, we can construct another one, G's, 
from it with associated probability Pa+ag (and thus with 
the same average probability) as follows. G's consists in 
first performing U-ag to the data \d) and then performing 
Gs with the program \Ua+ao), the probability of success 
being Pa+ao ■ This program corresponds, therefore, to the 
program \Ua} of G's, with the modified success probabil- 
ity. Therefore we can always choose po > Pa- 

[5] The several-step correction character of our scheme for 



FIG. 2. The gate of FIG. |l] can be improved by making 
a conditional correction of the output after its C-NOT gate. 
This is achieved by means of a Toffoli gate, which acts as 
a C-NOT between the first and third line of the circuit only 
when the second line carries a |1), corresponding to a failure in 
FIG.^ A measurement on the program qubits in the { 1 0), |1)} 
basis will reveal whether the gate failed (this happens when 
outcome 1 is obtained from both registers, i.e. e = 1/4). 
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FIG. 3. Stochastic programmable quantum gate with 
a A-qubit program register and success probability 
p = 1 - (1/2)^, i.e. e = (1/2)^^. The gate only fails when 
all the outcomes of a {|0), |l)}-basis measurement on the A' 
register qubits are 1. 
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